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THE UNAVOIDABLE ROTATION SYSTEMS
ALAN ARROYO, R. BRUCE RICHTER, GELASIO SALAZAR, AND MATTHEW SULLIVAN
Abstract. For each positive integer m, Pach, Solymosi, and To´th identified two canonical
complete topological subgraphs Cm and Tm, and proved that every sufficiently large topo-
logical complete graph contains Cm or Tm as a subgraph. We generalize this result in the
setting of abstract rotation systems.
1. Introduction
This note is motivated by a work in which Pach, Solymosi, and To´th identify the “un-
avoidable” complete topological graphs. We recall that a topological graph is a graph drawn
in the plane, so that every pair of edges intersect each other in at most one point, which
is either a common endvertex or a crossing. Two topological graphs G = (V (G), E(G))
and H = (V (H), E(H)) are weakly isomorphic if there is an incidence preserving one-to-
one correspondence between G and H such that two edges of G intersect if and only if the
corresponding edges of H intersect.
As a generalization of the Erdo˝s-Szekeres theorem on point sets in general position in the
plane [2], Pach, Solymosi, and To´th [7] proved that the convex graph Cm and the twisted
graph Tm [3] (the obvious generalizations, for arbitrary m, of the graphs shown in Figure 1)
are the unavoidable complete topological graphs:
Theorem 1 ([7, Theorem 2]). For each integer m ≥ 1, there is an integer n with the
following property. Every complete topological graph with at least n vertices has a complete
topological subgraph weakly isomorphic to Cm or Tm.
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Figure 1. A convex complete graph C6, and a twisted complete topological graph T6.
In this note we show that this result still holds in the setting of (abstract) rotation sys-
tems. As we note in Section 3, this generalization allows us to give an alternative proof of
Theorem 1, although with a weaker bound that the one given in [7].
1.1. Rotation systems. Let G be a complete topological graph whose vertices are ordered
and labelled i1, . . . , in. The rotation system G of G is the n-tuple
(
G(i1), . . . ,G(in)
)
, where
G(ij) is the cyclic permutation of {i1, . . . , in}\{ij} that records the clockwise cyclic order of
the edges incident with vertex ij.
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To illustrate the notion of a rotation system, we refer the reader back to Figure 1. It is
straightforward to see from these illustrations that, for each integer m ≥ 2:
• the vertices of Cm can be labelled 1, . . . ,m so that the i-th entry of the rotation
system Cm is Cm(i) = 1 2 · · · (i− 1) (i+ 1) · · · (m− 1)m for i = 1, . . . ,m; and
• the vertices of Tm can be labelled 1, . . . ,m so that the i-th entry of the rotation
system Tm is Tm(i) = n(n− 1) · · · (i+ 1) 1 2 · · · (i− 1) for i = 1, . . . ,m.
For each labelling of the vertices of a complete topological graph G we obtain a rotation
system G, but the converse is not true: there exist abstract rotation systems that are not
the rotation system of any complete topological graph.
An abstract rotation system Π on an ordered set {i1, . . . , in} is an n-tuple
(
Π(i1), . . . ,Π(in)
)
,
where Π(ij) is a cyclic permutation of {i1, . . . , in}\{ij} for j=1, . . . , n [5]. We say that
{i1, . . . , in} is the ground set of Π, and for convenience without loss of generality we implic-
itly assume that i1, . . . , in (the ground elements of Π) are integers such that 1 ≤ i1 < · · · < in.
An abstract rotation system Π is realizable if there is a complete topological graph G
such that G = Π. For instance, it is easy to check that the abstract rotation system(
234, 134, 124, 132
)
is not realizable. In what follows, whenever we speak of a rotation
system Π we implicitly mean that Π is an abstract rotation system.
In order to state our main result, let us recall three basic notions on rotation systems.
Two rotation systems Π and Π′ are equivalent if there is a relabelling of the ground elements
of Π′ that turns Π′ into Π. If Π =
(
Π(i1), . . . ,Π(in)
)
is a rotation system, then Π−1 denotes
its inverse rotation system
(
(Π(i1))−1, . . . , (Π(in))−1
)
, where (Π(ij))−1 denotes the inverse
of the cyclic permutation Π(ij), for j = 1, . . . , n. Finally, given a rotation system Π, every
subcollection of the ground set of Π naturally inherits from Π a rotation system Π′, which
is a rotation subsystem of Π.
1.2. Our main result. The setting of abstract rotation systems is much wider than the
setting of realizable rotation systems (that is, the setting of complete topological graphs):
the probability that a random abstract rotation system of size n is realizable goes to 0 as n
goes to infinity. Our main result is that Theorem 1 still holds in this abstract setting, and
Cm,Tm, (Cm)−1, or (Tm)−1 are precisely the unavoidable rotation systems:
Theorem 2. For each integer m ≥ 1 there is an integer n0(m) such that every rotation
system of size at least n0(m) has a subsystem equivalent to Cm,Tm, (Cm)−1, or (Tm)−1.
2. Proof of Theorem 2
Let Π be a rotation system with ground set {i1, . . . , in}, and let j ∈ {1, . . . , n}. We say that
Π(ij) is separated if it can be written as (στ), where σ is a permutation of i1 · · · ij−1 and τ is
a permutation of ij+1 · · · in. Suppose that Π(ij) is separated. We say that Π(ij) is backward
increasing (respectively, backward decreasing) if σ = i1 · · · ij−1 (respectively, σ = ij−1 · · · i1).
In either of these cases, Π(ij) is backward monotone. We say that Π(ij) is forward increasing
(respectively, forward decreasing) if τ = ij+1 · · · in (respectively, τ = in · · · ij+1). In either of
these cases, Π(ij) is forward monotone.
If Π(ij) is separated for each j = 1, . . . , n, then Π is separated. We similarly extend the no-
tions of forward increasing/decreasing, forward monotone, backward increasing/decreasing,
and backward monotone, to the whole rotation system.
As we shall see shortly, Theorem 2 is an easy consequence of the following two statements.
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Claim 3. For each positive integer t there is an integer n1(t) with the following property.
Every rotation system of size at least n1(t) has a rotation subsystem of size t that is separated.
Claim 4. For each positive integer t there is an integer n2(t) with the following property.
Every separated rotation system of size at least n2(t) has a rotation subsystem of size t that
is forward monotone, and a rotation subsystem of size t that is backward monotone.
Proof of Theorem 2. Let m ≥ 1 be an integer. Let Π be a rotation system of size at least
n1(n2(n2(4m))), where n1 and n2 are as in Claims 3 and 4. By these claims, Π has a rotation
subsystem Π′ of size 4m that is separated, forward monotone, and backward monotone. By
the pigeon-hole principle, Π′ has a rotation subsystem Π′′ of size m that is separated and ei-
ther (i) forward increasing and backward increasing; or (ii) forward decreasing and backward
increasing; or (iii) forward decreasing and backward decreasing; or (iv) forward decreasing
and backward increasing. These four possibilities correspond to Π′′ being equivalent to
Cm,Tm, (Cm)−1, and (Tm)−1, respectively. 
Proof of Claim 3. Let t be a positive integer. As we shall argue shortly, the claim is an easy
consequence of the following.
(∗) Let Π be a rotation system with ground set {i1, . . . , in}. Suppose that Π(i1), . . . ,Π(is)
are separated, for some s ≥ 1. Then Π has a subsystem Π′ of size (s+1)+d(n−(s+1))/se
that includes i1, . . . , is, is+1, and Π′(i1), . . . ,Π′(is+1) are separated.
To see that the claim follows from (∗), let Π be a rotation system with ground set
{j1, . . . , jn}. Since j1 < jk for each k = 2, . . . , n, evidently Π(j1) is separated. If n is
sufficiently large compared to t, then we can iteratively apply (∗) t − 1 times, and end up
with a rotation subsystem of Π, of size t, that is separated.
To prove (∗), note that Π(is+1) has a substring σ of size at least d(n− (s+ 1))/se all
of whose entries are in {is+2, . . . , in}. Let Π′ be the rotation subsystem of Π induced by
i1, . . . , is, is+1 and the entries of σ. By construction, Π′(is+1) is separated, and the separate-
ness of Π′(i1), . . . ,Π′(is) is inherited from the separateness of Π(i1), . . . ,Π(is). 
Proof of Claim 4. The claim follows by iteratively applying the following statement, and the
corresponding statement for the backward monotone case, whose proof is totally analogous.
(∗∗) Let Π be a separated rotation system with ground set {i1, . . . , in}, where Π(i1), . . . ,Π(is)
are forward monotone, for some s ≥ 0. Then Π has a subsystem Π′ of size (s+1)+d√n−s−1e
whose ground set includes i1, . . . , is, is+1, and Π′(i1), . . . ,Π′(is+1) are forward monotone.
We emphasize the possibility that s = 0, in which case the hypothesis that Π(i1), . . . ,Π(is)
are forward monotone is vacuous.
To prove (∗∗) we start by noting that the assumption that Π is separated implies that
Π(is+1) can be written as (στ), where σ is a permutation of i1 · · · is and τ is a permutation
of is+2 · · · in. Since τ has size n− s− 1, by the Erdo˝s-Szekeres theorem [1] it has a monotone
subpermutation τ ′ of size d√n− s− 1e. Let Π′ be the rotation subsystem of Π induced
by i1, . . . , is, is+1 and the entries of τ ′. The forward monotonicity of Π′(is+1) follows since
Π′(is+1) = (στ ′) and τ ′ is monotone, and the forward monotonicity of Π′(i1), . . . ,Π′(is) is
inherited from the forward monotonicity of Π(i1), . . . ,Π(is). 
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3. Concluding remarks
Theorem 1 follows from Theorem 2 and the following fact (see [4, 6]): If G and H are
rotation systems of complete topological graphsG andH, respectively, andG=H orG=H−1,
then G and H are weakly isomorphic. However, Pach et al. proved Theorem 1 with the bound
n = 2m8 , and an explicit bound for n using Theorem 2 would be multiply exponential in m,
as an explicit bound for n0 in Theorem 2 using our arguments is multiply exponential in m.
What is the best bound for n0 in Theorem 2? Is it singly exponential in m?
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